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Let %k , n > 1,k > 1,beadoublearrayofrealnumbersandlet ‘V,,n > 1, 
be a sequence of random elements taking values in a separable Banach space. 
In this paper, we examine under what conditions the sequence Ck>r ankVk, 
n > 1, has a limit either in probability or almost surely. 
1. INTRODUCTION 
Let %k , n > 1, k > 1, be a double array of real numbers satisfying the follow- 
ing conditions 
lim anlc = 0 n-rm for every K > 1. (l-1) 
zl 1 ank 1 < s for every R > 1, (l-3) 
where S is some positive constant. 
Let V, , k > 1, be a sequence of random elements defined on a probability 
space (Sz, ‘$l, P) taking values in a separable Banach space B. In this paper we are 
primarily interested in examining under what conditions the sequence Y, = 
c k>l ankVk , n >, 1 converges either in probability or almost surely. In this 
connection we quote two results of Rohatgi [8] with a view to search for possible 
extensions. 
THEOREM 1.1 (Rohatgi [S, Theorem 1, p. 3051). Let V, , k > 1, be a 
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sequence of independent real random variables um$rmly dominated by a real 
random variable V, i.e., 
for every a > 0 and k > 1. Assume E 1 V lr < 03 for some 0 < r < 1. Let 
ank , n > 1, k 2 1, be a double sequence of real numbers satisfying (1.1) and 
&l 1 anl, IT < S for every n > 1, where S is some positive constant. 
If max,+, 1 a,, I-+ 0 as n -+ co, then Y, = Ck21 a,*T/k , n > 1 converges to 0 
in probability. (If r = 1, each VK is centered at its mean.) 
Padgett and Taylor [5, Theorem 2, p. 3931 considered the problem of extending 
Theorem 1 of Rohatgi [8, p. 3051 to separable Banach spaces for the case r = 1, 
imposing conditions similar to those of Rohatgi’s. They noted that this result of 
Rohatgi for the special case r = 1 does not extend to separable Banach spaces 
verbatim. See the example following Corollary 1.2 of Padgett and Taylor [5, 
p. 3931. They impose a host of other conditions on the Banach space involved 
and on the random elements to obtain the desired conclusion. We shall not go 
into this aspect in detail. We are interested in extending Theorem 1.1 to separable 
Banach spaces for the case 0 < r < 1. It turns out that the desired extension 
does not require conditions more than those Rohatgi assumed. 
THEOREM 1.2 (Rohatgi [8, Theorem 2, p. 3061). Let V, , k 3 1, be a 
sequence of independent real random variables uniformly dominated &y a real 
random variable V. Let alzle , n > 1, k > 1, be a double sequence of real numbers 
satisfying (1.1) and (1.3). Assume EV, = 0 for every k 3 1. If muxk)I 1 a,J = 
O(n+) and E 1 V 11+1/a < co for some OL > 0, tken 
Y, = C ankVkf n> 1, converges to 0 almost surely. 
k>l 
Padgett and Taylor [5, Theorem 4, p. 3961 considered the problem of extend- 
ing the above theorem of Rohatgi to separable Banach spaces to study almost 
sure convergence of weighted sums of independent random elements. They 
noted that this theorem of Rohatgi is not generalizable verbatim. They imposed 
a host of other conditions on the Banach space and on the random elements to 
derive the desired limit theorem. Here, we give a limit theorem imposing 
conditions mainly on the double sequence involved. 
We also consider the problem of extending results of Pruitt [7] and Jamison 
et al. [3]. The basic technique we use here is the one we employed in Bozorgnia 
and Bhaskara Rao [l]. For any unexplained terminology, refer to Padgett and 
Taylor [4]. 
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2. MAIN RESULTS 
The following is an extension of Theorem 1.1. 
THEOREM 2.1. Let V, , k 3 1, be a sequence of pairwise independent random 
elements taking values in a separable Banach space B and uniformly dominated in 
probability by a random element V, i.e., 
foreverya>Oandk>l. 
AssumethatE~~V~~~<ooforsomeO<~<1.Leta,,,n~l,k~1,bea 
double sequence of real numbers satisfying the following conditions. 
(a) lim,,, alzL = 0 for every k > 1. 
(b) CJA I ank: IT G S f or every n > 1, where S is some positive constant. 
If Em,,, max,>, 1 a,, 1 = 0, then Y, = &r ankVk , n > 1 converges to 0 
in probability. 
Proof. It suffices to show that given any subsequence of Y, , n 2 1, we can 
find a further subsequence converging to 0 almost surely. See Chung [2, 
Theorem 4.2.3, p. 731. The proof is carried out in the following steps. 
(1) Let x, 3 1, be a dense sequence in B such that none of the xi’s is zero. 
For each n > 1, let 
A,, = I ~EB;IIx-x~II <;I, 
Ai, = 
I 
x E B; 1~ x - xi 11 < ;I - *; Aj, , i > 2. 
j=l 
Ai,, , i >, 1, is a sequence of disjoint subsets of B the union of which is B. For 
natural numbers m, p1 > 1, define maps T, , ug; , u$$ from B to B as follows 
Tn(X) = xi if x E Ai, , i> 1, 
c&(x) = xi if x E Ai, , iamfl, 
=o if XE()A~,. 
j=l 
u:;(x) = xi if x E Ai, , 1 <i<m, 
zzz 0 if XE u Ad,, 
+WL+1 
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It is clear that 7, = D~A + u$ for any m > 1 and tl 3 1, and (1 x - TV// < l/n 
for each x in B. 
(2) Note that for each m, n > 1, 11 u,& ,J , (l) V (1 it 2 1, is a sequence of pair- 
wise independent real random variables uniformly dominated in probability by 
l/a + j/ VI/ and that E[l/n + 11 V Ii]’ < co. Furthermore, observe that Theorem 
1.1 is still valid even if we assume that the real random variables are only pair- 
wise independent. Consequently, &i 1 ark 1 11 t$~(T/lc)lj, r > 1, converges to 
0 in probability for every m, 7t 3 1. 
(3) u$( V,) takes at most m + 1 values in B and for the sequence &A( VJ, 
K > 1, of pairwise independent random elements, it follows quite easily that 
c kZ1~7k:(32L(~k), y 3 1, converges to 0 in probability for every m, n 3 1. 
(4) By repeated application of Theorem 1.1 and Cantor’s diagonal 
selection technique, we can find a universal subsequence Y”, , K 3 1, of the 
given subsequence of Y, , n 3 I, satisfying the following. 
(9 C&l I un,u / II u~~(V,Jl, k > 1, converges to 0 almost surely for 
every m, n > 1. 
n > 1. (ii> Cdl %,4%v3~ k b 1, converges to 0 almost surely for every m, 
I 
Let D be a set of P-measure one such that convergence in (i) and (ii) takes 
place for every m, M > 1 at every w E D. Now, we can show that Y,,(w), k 3 1, 
converges to 0 for every w E D. Let w E D be fixed and E > 0. Choose N > 1 
satisfying 1 /N < ~12s and fix M 3 1. We can find L 3 1 such that 
and 
) z1 I 4Qa I II d%W~))ll~ < $ 
/ 
are valid whenever k > L. 
un~TN(v&)) - c 
Q>l 
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The following result is an attempt to generalize Theorem 1.2 to separable 
Banach spaces. 
THEOREM 2.2. Let V, , k > 1, be a sequence of independent random elemarts 
taking values in a separable Banach space B and uniformly dominated in probability 
by a random element V. Let ank: , n > 1, k > 1 be a double sequence satisfying 
the folloling conditions. 
(i) lim,,, Ck>l I ank 1 = O. 
(ii) max,>r 1 ank 1 = O(n-‘) for some 01 > 0. 
Assume that E II V Il1+1/o. < CO. Then Y, = &,l a%lcVk, n 2 1, converges to 0 
almost surely. 
Proof. The above theorem is true when B is the real line. One could apply 
Theorem 2 of Rohatgi [8, p. 3061 and obtain Ck>r a,,(Vk - EVJ, n > 1, 
converges to 0 almost surely. Note that 
in view of (i) and (ii). Consequently, Y, = Ckal ankVk , n > 1, converges to 0 
almost surely. This observation coupled with the method described in the proof 
of Theorem 2.1 completes the proof. 
3. SOME COMPLEMENTS 
We now consider resultsjof Pruitt [7]. Padgett and Taylor [5, Corollary 1.2, 
p. 393, Theorem 3, p. 3951 extended these results to separable Banach spaces 
but they consider triangular arrays a,& , 1 < k < n, n > 1, only. In the follow- 
ing, we consider full sums xk>i nk k a V and relax the conditions of mutual inde- 
pendence to pairwise independence. The proofs can be obtained by modifying 
the proof of Theorem 2.1 suitably. 
THEOREM 3.1. Let Vk , k > 1, be a sequence ofpairwise independent identically 
distributed random elements taking values in a separable Banach space B. Assume 
EllVIll<~,where(I*IIdenotesnomronB.LetEVI=~.Leta,,,n>1, 
k > 1, be a double array of real numbers satisfying (l.l), (1.2), a.& (1.3). 
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Let Y, == &al fznkVk , n 2 1. If Cm,,, max,>, 1 ank 1 = 0, then 
Y, , n > 1, converges to TV in probability. 
If p = 0, (1.2) is not needed. 
THEOREM 3.2. (a) Let V, , k > 1, be a sequence of pairwise independent 
identically distributed random elements dejined on a probability space (52, 2l, P) 
taking values in a separable Banach space B. Let ank , n > 1, k 3 1, be a double 
sequmce of real numbers satisfying (1. I), (1.2), and (1.3). 
Assume that 
(i) maxk,l 1 ank 1 = 0 (&) for some r > 1, and 
(ii) E I/ V, Ij1+1/r < a~. Let EVI = ,LL. 
Then Y, = &>I ankVk , n 3 1 converges to TV almost surely. If p = 0, (1.2) is 
not needed. 
(b) If, in the above, the sequence is independent identically distributed, the 
above conclusion is valid and we can allow r to be any positive number. 
Theorems 3 and 4 of Jamison et al. [3, p. 42, 431 are similarly extendable to 
separable Banach spaces verbatim. 
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